In this paper, we establish several sufficient conditions for a compact spacelike surface with non-degenerate second fundamental form in the 3-dimensional de Sitter space to be spherical. With this aim, we develop a formula for these surfaces which involves the mean and Gaussian curvatures of the first fundamental form and the Gaussian curvature of the second fundamental form. By means of that formula, we prove, for instance, that the totally umbilical round spheres are the only compact spacelike surfaces such that the second fundamental form is nondegenerate and has constant Gaussian curvature.
Introduction
It is well known (see Section 2) that a compact spacelike surface in the 3-dimensional de Sitter space S 3 1 is diffeomorphic to a sphere S 2 . Thus, it is interesting to look for additional assumptions for such a surface to be a totally umbilical round sphere. In the literature about the topic, one can find two kinds of geometric assumptions: extrinsic, that is, relative to the second fundamental form, and intrinsic, namely, concerning to the Gaussian curvature of the induced metric.
As regards to the extrinsic approach, Ramanathan [12] proved that every compact spacelike surface in S 3 1 of constant mean curvature is totally umbilical. This result was generalized to hypersurfaces of any dimension by Montiel [10] . With respect to the intrinsic approach, Li [9] obtained the same conclusion when the compact spacelike surface has constant Gaussian curvature. On the other hand, Alías [4] has recently obtained a pinching result for the Gaussian curvature of a compact spacelike surface under some assumptions on its hyperbolic image (see also [1] ).
We adopt here a different point of view. The second fundamental form of a totally umbilical (and not totally geodesic) round sphere defines a Riemannian metric if a suitable unit normal vector field is chosen (see Section 3). So, it is natural to ask ourselves about the converse question, that is, under what hypothesis a compact spacelike surface in S 3 1 whose second fundamental form defines a Riemannian metric must be a totally umbilical round sphere.
Our main tool will be a formula for spacelike (non-necessarily complete) surfaces with positive definite second fundamental form, which involves the mean and Gaussian curvatures of the first fundamental form and the Gaussian curvature of the second fundamental form (Proposition 4). This formula allows us to give several characterizations of the totally umbilical round spheres under assumptions relative to the curvatures of the first and second fundamental forms.
Before that, we characterize the compact spacelike surfaces in S 3 1 whose second fundamental form defines a Riemannian metric. In fact, we prove that such surfaces are those with Gaussian curvature K < 1 (Theorem 9). As a consequence, a simple reasoning allows us to show that there is no complete spacelike surface in S 3 1 with Gaussian curvature K > 1, extending in this way a result by Li [9] where the author obtains the same conclusion under the additional hypothesis of constant Gaussian curvature K > 1 (Corollary 10).
Regarding to the problem of characterizing the totally umbilical round spheres, we start by giving an original proof of the known result which states that the totally umbilical round spheres are the only compact spacelike surfaces with constant Gaussian curvature K < 1 (Theorem 12). Next, we study the case of constant Gaussian curvature K II of the second fundamental form, proving that the totally umbilical round spheres are the only compact spacelike surfaces in S 3 1 with K < 1 and constant K II (Theorem 13). These results can be summarized as follows:
For a compact spacelike surface M in S 3 1 with Gaussian curvature K < 1, the following assertions are equivalent:
Besides, we obtain various generalizations of this result (Theorem 15, Corollary 16). On the other hand, we give some pinching results for the Gaussian curvature K II related to the hyperbolic image of the surface (Theorem 17, Corollaries 20 and 21) and to the timelike bounded region of S Our work is motivated by a series of papers [7, 8, 13, 14] where conditions for an ovaloid in the 3-dimensional Euclidean space to be a totally umbilical round sphere are studied.
Preliminaries
Let L 4 be the 4-dimensional Lorentz-Minkowski space, that is, the space R 4 endowed with the Lorentzian metric tensor , given by
where (x 1 , x 2 , x 3 , x 4 ) are the canonical coordinates of R 4 . The 3-dimensional unitary de Sitter space is defined as the following hyperquadric of L 4 ,
As it is well known, S As regards to the curvature tensor R of the surface, it can be described in terms of the shape operator A according the Gauss equation
for all tangent vector fields X, Y, Z ∈ X(M), while the Codazzi equation of the surface states that
From (1) it follows that the Gaussian curvature K of M satisfies
and therefore
Throughout this paper we will mainly deal with compact spacelike surfaces in the de Sitter space S Observe that every such a surface ψ :
is diffeomorphic to a 2-sphere by means of the map
Indeed, F is a local diffeomorphism, and the compactness of M and the simply connectedness of S 2 imply that F is a global one.
Set up
determines a definite metric on M. In fact, we can suppose (up to a change of orientation) that II is positively definite, namely, II is a Riemannian metric on M.
Let us denote by
, the difference tensor of the Levi-Civita connections of , and II, which is a symmetric tensor. If R II stands for the curvature tensor with respect to II, we obtain by a direct computation that
where we put
Y, T (X, Z) − T X, T (Y, Z) .
Contracting in (4) we have
where K II is the Gaussian curvature of II and
and transvecting with respect to the metric II we get
where the trace tr II of a 2-covariant tensor S is, as usual, the trace of the (1, 1)-tensor S defined by
Lemma 1. The trace tr II of the metric , is given by
Proof. Observe that
Hence, the characteristic equation Proof. Until now, we have not used the explicit expression for T . Next, using the well-known Koszul's formula which provides the Levi-Civita connection of a Riemannian metric for the metric II, the tensor T becomes
where
Thus, we get from the Codazzi equation (2) that
and consequently II(T (X, Y ), Z)
is symmetric in all three variables. Then, taking {E 1 , E 2 } a IIorthonormal frame we have
The trace tr II of the tensor Q 2 is given by
II is the square II-length of the tensor T and ∇ II K is the II-gradient of K.
Proof. If {E 1 , E 2 } is a local II-orthonormal frame, it yields from (6) that
where tr II (T ) is the vector field obtained from the II-contraction of T .
From (6) it follows that
Let λ 1 , λ 2 be the principal curvatures associated to A, and
On the other hand, we obtain from the Gauss equation (1) that
and therefore, using again the Codazzi equation (2), we get
Thus,
which ends the proof. ✷ Finally, from the three lemmas above the expression (5) becomes as follows: to get
where S II is the II-scalar curvature of M n and
is the , -Gauss-Kronecker curvature of M n .
Before establishing the main results, we will briefly study the totally umbilical round spheres of the de Sitter space S 
and shape operator A = tanh(r)I 2 , so that S 2 (a, r) is totally umbilical. Even more, it is not difficult to see that S 2 (a, r) is a round sphere of radius cosh(r) contained in the spacelike hyperplane orthogonal to a determined by a, x = sinh(r). We will refer to S 2 (a, r) as the totally umbilical round spheres of the de Sitter space. Let us remark that they are the only compact totally umbilical spacelike surfaces in S 3 1 . To finish, note that when r = 0, II defines on S 2 (a, r) a Riemannian metric (up to a change of orientation) with constant Gaussian curvature Hence, if II is non-degenerate, then det(A) > 0 or, equivalently, K < 1. As a consequence, it follows Proof. Observe that, being M complete, the assumption K > 1 implies that M is compact by BonnetMyers' theorem. On the other hand, K > 1 implies that II defines a non-degenerate metric on M. Thus, Theorem 9 can be claimed to get a contradiction. ✷ Remark 11. It is worth pointing out that there exist compact spacelike surfaces in S 3 1 with degenerate second fundamental form somewhere and not totally geodesic. An example can be easily constructed by using a suitable normal variation of a totally geodesic round sphere.
Main results
Next, we give several characterizations of the totally umbilical round spheres from assumptions relative to the metric II. Let us start by providing a new proof of the following known result (see [3, 5, 9] ): Proof. Since K is constant (necessarily positive by the Gauss-Bonnet theorem), using the CauchySchwarz inequality H √ 1 − K in (7) we obtain Let us denote by dA and dA II the area elements on M with respect to the induced metric , and II, respectively. It is easily seen that dA II = √ 1 − K dA. Using again the Gauss-Bonnet theorem, we get
so that equality holds in (9) , which completes the proof. ✷ Of course, a totally umbilical (and not totally geodesic) round sphere has K II constant (see (8) ). The following result can be seen as a (non-trivial) converse of this statement. Proof. Note that the constant K II is determined from the Gauss-Bonnet theorem, since
Since M is compact there exists p o ∈ M such that K(p o ) = max M K, and from (7) it results
.
Observe that the Gauss-Bonnet theorem also guarantees that K(p o ) > 0, which jointly the CauchySchwarz inequality yields
and therefore equality holds in (10) , that is, K is constant on M. Finally, our assertion follows from Theorem 12. ✷ Using similar arguments, we are able to extend the previous two theorems as follows. Proof. Taking into account that the function f (t) = t/ √ 1 − t is strictly increasing for t < 1, we obtain from (7) that
and therefore 
which is a contradiction. ✷ Although the assumptions in Theorem 15 have not an immediate geometric meaning, its power becomes clear if we observe that the hypothesis in Theorems 12 and 13 are very particular cases of that one. Another interesting consequence is the following: 
The subset N(M) ⊂ H 3 will be called the hyperbolic image of the surface. On the other hand, recall that a geodesic ball B(a, r) in H 3 of radius r 0 centered at a ∈ H 3 is given by
Note that the hyperbolic image of a totally umbilical round sphere S 2 (a, r) is the geodesic sphere in H 3 of radius r centered at a, N S 2 (a, r) = q ∈ H 3 : a, q = − cosh(r) = ∂B(a, r).
In [4] , Alías has recently shown that if the hyperbolic image of a compact spacelike surface M is contained in a geodesic ball in H 3 of radius r 0, and the Gaussian curvature K of M satisfies that
then M must be a totally umbilical round sphere of radius cosh(r) (see also [1] ). In the same direction, using the relationship (7) between K and K II , we obtain the following pinching results relative to the Gaussian curvature of the second fundamental form: 2 (r) and, using the previously quoted Alías' result, M must be a totally umbilical round sphere of radius cosh(r). ✷ Remark 18. The bound 1/(cosh(r) sinh(r)) in Theorem 17 is the best possible. In fact, it coincides with the Gaussian curvature K II of a totally umbilical round sphere of radius cosh(r) (see (8) ) whose hyperbolic image is a geodesic sphere in H 3 of radius r.
Remark 19. Theorem 17 can be stated, more generally, for complete spacelike surfaces in S 3 1 . Indeed, every complete spacelike surface in the de Sitter space such that its image under the Gauss map is bounded in H 3 is necessarily compact (see [2] ).
